Abel's method on summation by parts and terminating well-poised q-series identities  by Chu, Wenchang & Jia, Cangzhi
Journal of Computational and Applied Mathematics 207 (2007) 360–370
www.elsevier.com/locate/cam
Abel’s method on summation by parts and terminating well-poised
q-series identities
Wenchang Chu∗, Cangzhi Jia
Department of Applied Mathematics, Dalian University of Technology, Dalian 116024, PR China
Abstract
The Abel method on summation by parts is reformulated to present new and elementary proofs of several classical identities
of terminating well-poised basic hypergeometric series, mainly discovered by [F H. Jackson, Certain q-identities, Quart. J. Math.
Oxford Ser. 12 (1941) 167–172]. This strengthens further our conviction that as a traditional analytical instrument, the revised Abel
method on summation by parts is indeed a very natural choice for working with basic hypergeometric series.
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For an arbitrary complex sequence {k}, deﬁne the backward and forward difference operators ∇ and · , respectively,
by
∇k = k − k−1 and · k = k − k+1, (1)
where · is adopted for convenience in the present paper, which differs from the usual operator  only in the minus
sign.
Then Abel’s lemma on summation by parts for terminating series may be reformulated as
m∑
k=0
Ak∇Bk =
m∑
k=0
Bk· Ak (2)
provided that B0 = 0 and Bm = 0, where the latter can also be replaced by Am+1 = 0 so that the series are terminated
above.
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Proof. According to the deﬁnition of the backward difference, we have
m∑
k=0
Ak∇Bk =
m∑
k=0
Ak{Bk − Bk−1} =
m∑
k=0
AkBk −
m∑
k=1
AkBk−1.
Replacing k by 1 + k for the last sum, we get the following expression:
m∑
k=0
Ak∇Bk =
m∑
k=0
Bk{Ak − Ak+1} =
m∑
k=0
Bk· Ak
which is the formula stated in the Abel lemma. 
One of the deepest result in the theory of basic hypergeometric series is Bailey’s summation formula [3] for a
nonterminating bilateral very-well-poised 66-series. It has recently been provided a completely new and simple proof
in [10] through Abel’s lemma on summation by parts. In this paper, we explore further applications of Abel’s method
to terminating well-poised basic hypergeometric series identities, mainly discovered in [14]. The ﬁrst section will be
devoted to two well-poised 32-series of even and odd order and establish, by means of the reformulated Abel lemma,
two crossing recurrence relations and two independent recursions, which lead surprisingly to elementary proof of the
so-called q-Dixon formulae. The q-Clausen identity on well-poised 43-series will be proved in the second section.
Similar to the ﬁrst section, two well-poised 54-series of even and odd order will be tied together via Abel lemma and
then evaluated in closed forms in the third section. Compared with known proofs in [5,7,9,13,14], the approach through
Abel’s lemma is more simple and accessible to readers.
In order to facilitate the readability of the paper, we reproduce the notations of q-shifted factorial and basic hyper-
geometric series. For two complex x and q, the shifted factorial with base q is deﬁned by
(x; q)0 = 1 and (x; q)n =
n−1∏
k=0
(1 − xqk) for n = 1, 2, . . . . (3)
The fraction of shifted factorial is abbreviated to[
, , . . . , 
A,B, . . . , C
∣∣∣∣ q
]
n
= (; q)n(; q)n · · · (; q)n
(A; q)n(B; q)n · · · (C; q)n . (4)
Following Bailey [2] and Gasper-Rahman [12], the basic hypergeometric series is deﬁned by
1+rs
[
a0, a1, . . . , ar
b1, . . . , bs
∣∣∣∣ q; z
]
=
+∞∑
n=0
{(−1)nq( n2 )}s−r
[
a0, a1, . . . , ar
q, b1, . . . , bs
∣∣∣∣ q
]
n
zn, (5)
where the base q will be restricted to |q|< 1 for non-terminating q-series.
When r = s and qa0 = a1b1 =· · ·= arbs , the series just deﬁned is called well-poised, which will be the main subject
of the present paper.
1. Well-poised 32-series identities and q-Dixon formulae
Deﬁne two sequences by terminating well-poised 32-series
Cn(b, d) = 32
[
q−2n, b, d
q1−2n/b, q1−2n/d
∣∣∣∣ q; q2−n/bd
]
, (6a)
Dn(b, d) = 32
[
q−1−2n, b, d
q−2n/b, q−2n/d
∣∣∣∣ q; q2−n/bd
]
. (6b)
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Their reversals read, respectively, as
Cn(b, d) = qn × 32
[
q−2n, b, d
q1−2n/b, q1−2n/d,
∣∣∣∣ q; q1−n/bd
]
, (7a)
Dn(b, d) = −q1+2n × 32
[
q−1−2n, b, d
q−2n/b, q−2n/d
∣∣∣∣ q; q−n/bd
]
. (7b)
1.1.
For two sequences deﬁned by
Ck = (q
1−2n; q)k
(q; q)k q
kn and Dk =
[
b, d
q1−2n/b, q1−2n/d
∣∣∣∣ q
]
k
(
q1−2n
bd
)k
it is trivial to compute ﬁnite differences
∇Ck = 1 + q
n−k
1 + qn
(q−2n; q)k
(q; q)k q
k+kn
,
· Dk = (1 − q
2n−1bd)(1 − q2n−2k−1)
(1 − q2n−1b)(1 − q2n−1d)
[
b, d
q2−2n/b, q2−2n/d
∣∣∣∣ q
]
k
(
q3−2n
bd
)k
.
Combining (6a) with (7a), we can apply Abel’s lemma on summation by parts to reformulate 32-series as follows:
2Cn(b, d) =
2n∑
k=0
(1 + qn−k)
[
q−2n, b, d
q, q1−2n/b, q1−2n/d
∣∣∣∣ q
]
k
(
q2−n
bd
)k
= (1 + qn)
2n∑
k=0
Dk∇Ck = (1 + qn)
2n−1∑
k=0
Ck· Dk
= (1 + q
n)(1 − q2n−1bd)
(1 − q2n−1b)(1 − q2n−1d)
×
2n−1∑
k=0
(1 − q2n−2k−1)
[
q1−2n, b, d
q, q2−2n/b, q2−2n/d
∣∣∣∣ q
]
k
(
q3−n
bd
)k
.
The last line is equal to 2Dn−1(b, d) in view of (6b) and (7b). This leads us consequently to the following crossing
relation between two well-poised 32-series:
Cn(b, d) =Dn−1(b, d) (1 + q
n)(1 − q2n−1bd)
(1 − q2n−1b)(1 − q2n−1d) . (8)
1.2.
Similarly, for two sequences deﬁned by
Ck =
[
q−2n, q1+nbd
q, q−3n/bd
∣∣∣∣ q
]
k
,
(
q−n
bd
)k
,
Dk =
[
b, d, q−3n/bd
q−2n/b, q−2n/d, qnbd
∣∣∣∣ q
]
k
,
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we can compute ﬁnite differences
∇Ck = 1 − q
1+2n−2k
1 − q1+2n
[
q−1−2n, qnbd
q, q−3n/bd
∣∣∣∣ q
]
k
(
q2−n
bd
)k
,
·Dk = (1 + qn−k) (1 − q
nb)(1 − qnd)(1 − q2nbd)
(1 − q2nb)(1 − q2nd)(1 − qnbd)
×
[
b, d, q−3n/bd
q1−2n/b, q1−2n/d, q1+nbd
∣∣∣∣ q
]
k
q2k .
Combining (6b) with (7b) and then applying Abel’s lemma on summation by parts, we can manipulate 32-series as
follows:
2Dn(b, d) =
1+2n∑
k=0
(1 − q1+2n−2k)
[
q−1−2n, b, d
q, q−2n/b, q−2n/d
∣∣∣∣ q
]
k
(
q2−n
bd
)k
= (1 − q1+2n)
1+2n∑
k=0
Dk∇Ck = (1 − q1+2n)
2n∑
k=0
Ck·Dk
= (1 − q
1+2n)(1 − qnb)(1 − qnd)(1 − q2nbd)
(1 − q2nb)(1 − q2nd)(1 − qnbd)
×
2n∑
k=0
(1 + qn−k)
[
q−2n, b, d
q, q1−2n/b, q1−2n/d
∣∣∣∣ q
]
k
(
q2−n
bd
)k
.
Recalling (6a) and (7a), we see that the last sum reduces to 2Cn(b, d). This leads us to another crossing relation between
two well-poised 32-series:
Dn(b, d) = Cn(b, d) (1 − q
1+2n)(1 − qnb)(1 − qnd)(1 − q2nbd)
(1 − q2nb)(1 − q2nd)(1 − qnbd) . (9)
1.3.
Combining (8) with (9), we derive two independent recurrence relations
Cn(b, d) = Cn−1(b, d) (1 − q
n−1b)(1 − qn−1d)
(1 − qn)(1 − qn−1bd) (10a)
× (1 − q
2n)(1 − q2n−1)(1 − q2n−1bd)(1 − q2n−2bd)
(1 − q2n−1b)(1 − q2n−2b)(1 − q2n−1d)(1 − q2n−2d) , (10b)
Dn(b, d) =Dn−1(b, d) (1 − q
nb)(1 − qnd)
(1 − qn)(1 − qnbd) (11a)
× (1 − q
2n)(1 − q2n+1)(1 − q2nbd)(1 − q2n−1bd)
(1 − q2nb)(1 − q2n−1b)(1 − q2nd)(1 − q2n−1d) . (11b)
Iterating these relations for n-times, we ﬁnd the following formulae:
Cn(b, d) = C0(b, d) (q; q)2n(b; q)n(d; q)n(bd; q)2n
(q; q)n(b; q)2n(d; q)2n(bd; q)n , (12a)
Dn(b, d) =D0(b, d) (q
2; q)2n(qb; q)n(qd; q)n(qbd; q)2n
(q; q)n(qb; q)2n(qd; q)2n(qbd; q)n . (12b)
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Noticing from (6a) and (6b) that
C0(b, d) = 1 and D0(b, d) = 1 − q
we hence deduce the following summation formulae.
Theorem 1 (Well-poised 32 -series identity: Bailey [4, Eq. 2], see also Guo [13, Eq. 1.1] and Verma and Joshi
[16, Eq. 3.10]).
32
[
q−2n, b, d
q1−2n/b, q1−2n/d
∣∣∣∣ q; q2−n/bd
]
= (b; q)n(d; q)n
(q; q)n(bd; q)n
(q; q)2n(bd; q)2n
(b; q)2n(d; q)2n .
Theorem 2 (Well-poised 32 -series identity: Guo [13, Eq. 2.6]).
32
[
q−1−2n, b, d
q−2n/b, q−2n/d
∣∣∣∣ q; q2−n/bd
]
= (qb; q)n(qd; q)n
(q; q)n(qbd; q)n
(q; q)1+2n(qbd; q)2n
(qb; q)2n(qd; q)2n .
It is interesting to remark that Abel’s method on summation by parts ties two identities stated in Theorems 1 and 2
together by two crossing recursions and two independent recurrence relations and then proves both at once.
In view of (7a) and (7b), we derive from these theorems two other identities.
Proposition 3 (Well-poised 32 -series identity: Jackson [14, Eq. 2], see also Bressoud [6, Eq. 2] and Carlitz
[7, Eq. 1.2]).
32
[
q−2n, b, d
q1−2n/b, q1−2n/d
∣∣∣∣ q; q1−n/bd
]
= q−n (b; q)n(d; q)n
(q; q)n(bd; q)n
(q; q)2n(bd; q)2n
(b; q)2n(d; q)2n .
Proposition 4 (Well-poised 32 -series identity: Carlitz [7, Eq. 2.12], see also Verma and Joshi [16, Eq. 3.13]).
32
[
q−1−2n, b, d
q−2n/b, q−2n/d
∣∣∣∣ q; q−n/bd
]
= −q−1−2n (qb; q)n(qd; q)n
(q; q)n(qbd; q)n
(q; q)1+2n(qbd; q)2n
(qb; q)2n(qd; q)2n .
1.4.
For the alternating cubic-sums of binomial coefﬁcients, there is Dixon’s well-known theorem, which states that
n+	∑
k=−n
(−1)k
(2n + 	
n + k
)3
=
⎧⎨
⎩
( 3n
n, n, n
)
, 	= 0,
0, 	= 1.
(13)
Deﬁne the q-Gaussian binomial coefﬁcient by
[
x
n
]
:= (q
1+x−n; q)n
(q; q)n .
Taking b = d = q−2n in Theorem 1, we get the following q-analogue of Dixon’s well-known (13) for 	= 0.
Corollary 5 (Bailey [5, Eq. 3.3]).
2n∑
k=0
(−1)k
[2n
k
]3
q(n−k)(3n−3k−1)/2 = (−1)n (q; q)3n
(q; q)3n
.
Similarly, letting b = d = q−1−2n in Theorem 2, we ﬁnd the q-analogue of Dixon’s well-known (13) for 	= 1.
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Corollary 6 (Bailey [5, Eq. 3.4]).
1+2n∑
k=0
(−1)k
[2n + 1
k
]3
q(n−k)(3n−3k+1)/2 = (−1)n (q; q)1+3n
(q; q)3n
.
2. Well-poised 43-series identities and q-Clausen formula
Deﬁne the sequence 
n(a, b) by well-poised 43-series

n(a, b) = 43
[
q−n, a, b, q1/2−n/ab
q1−n/a, q1−n/b, q1/2ab
∣∣∣∣ q; q2
]
. (14)
Its reversal reads as

n(a, b) = qn/2 × 43
[
q−n, a, b, q1/2−n/ab
q1−n/a, q1−n/b, q1/2ab
∣∣∣∣ q; q
]
. (15)
For two sequences deﬁned by
Uk =
[
q1−n, q3/2−n/ab, q(1+n)/2ab
q, q1/2ab, q(3−3n)/2/ab
∣∣∣∣ q
]
k
,
Vk =
[
a, b, q(3−3n)/2/ab
q1−n/a, q1−n/b, q(n−1)/2ab
∣∣∣∣ q
]
k
,
it is not hard to compute ﬁnite differences
∇Uk = 1 + q
n/2−k
1 + qn/2
[
q−n, q1/2−n/ab, q(n−1)/2ab
q, q1/2ab, q(3−3n)/2/ab
∣∣∣∣ q
]
k
q2k ,
·Vk = q2k (1 − q
(n−1)/2a)(1 − q(n−1)/2b)(1 − qn−1ab)
(1 − qn−1a)(1 − qn−1b)(1 − q(n−1)/2ab)
× (1 + q(n−1)/2−k)
[
a, b, q(3−3n)/2/ab
q2−n/a, q2−n/b, q(1+n)/2ab
∣∣∣∣ q
]
k
.
By means of Abel’s lemma on summation by parts, we can manipulate the sum of (14) and (15) as follows:
2
n(a, b) =
n∑
k=0
(1 + qn/2−k)
[
q−n, a, b, q1/2−n/ab
q, q1−n/a, q1−n/b, q1/2ab
∣∣∣∣ q
]
k
q2k
= (1 + qn/2)
n∑
k=0
Vk∇Uk = (1 + qn/2)
n−1∑
k=0
Uk·Vk
= (1 + qn/2) (1 − q
(n−1)/2a)(1 − q(n−1)/2b)(1 − qn−1ab)
(1 − qn−1a)(1 − qn−1b)(1 − q(n−1)/2ab)
×
n−1∑
k=0
(1 + q(n−1)/2−k)
[
q1−n, a, b, q3/2−n/ab
q, q2−n/a, q2−n/b, q1/2ab
∣∣∣∣ q
]
k
q2k .
Recalling (14) and (15) again, we see that the last line is equal to of 2
n−1(a, b), which leads us to the following
recurrence relation

n(a, b) = 
n−1(a, b) (1 − q
n)(1 − q(n−1)/2a)(1 − q(n−1)/2b)(1 − qn−1ab)
(1 − qn/2)(1 − qn−1a)(1 − qn−1b)(1 − q(n−1)/2ab) . (16)
Iterating this relation for n-times and noting the initial value of 
0(a, b) = 1, we derive Jackson’s q-analogue of the
Clausen formula.
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Theorem 7 (Well-poised 43 -series identity: Jackson [14, Eq. 3]).
43
[
q−n, a, b, q1/2−n/ab
q1−n/a, q1−n/b, q1/2ab
∣∣∣∣ q; q2
]
=
[
q, ab
a, b
∣∣∣∣ q
]
n
[
a, b
q1/2, ab
∣∣∣∣ q1/2
]
n
.
Its reversal (15) has a slightly different expression (see Verma–Jain [15, Eq. 1.4] also).
Proposition 8 (Well-poised 43 -series identity: Carlitz [7, Eq. 1.3]).
43
[
q−n, a, b, q1/2−n/ab
q1−n/a, q1−n/b, q1/2ab
∣∣∣∣ q; q
]
= q−n/2
[
q, ab
a, b
∣∣∣∣ q
]
n
[
a, b
q1/2, ab
∣∣∣∣ q1/2
]
n
.
The 43-series identity displayed in Theorem 7 is equivalent to the following well-known product formula.
Corollary 9 (q-Clausen product formula: Jackson [14, Section 5], see also Guo [13, Eq. 3.1]).
21
[
a2, b2
qa2b2
∣∣∣∣ q2; z
]
×21
[
a2, b2
qa2b2
∣∣∣∣ q2; qz
]
= 43
[
a2, b2, ab,−ab
a2b2, abq1/2,−abq1/2
∣∣∣∣ q; z
]
.
This is a q-analogue of the Clausen (1828) theorem (cf. Askey [1, Eq. 1.2], Bailey [2, p. 86, Eq. 4] and Gasper
[11, Eq. 1.1]):
2F1
[
A,B
A + B + 12
∣∣∣∣ z
]
× 2F1
[
A,B
A + B + 12
∣∣∣∣ z
]
= 3F2
[ 2A, 2B,A + B
2A + 2B,A + B + 12
∣∣∣∣ z
]
.
Other product formulae of Clausen type may be found in [9, Section 5] and [11].
3. Well-poised 54-series identities
Deﬁne two sequences by well-poised 54-series
En(b, c, d) = 54
[
q−2n, b, c, d, q1−3n/bcd
q1−2n/b, q1−2n/c, q1−2n/d, qnbcd,
∣∣∣∣ q; q2
]
. (17a)
Fn(b, c, d) = 54
[
q−1−2n, b, c, d, q−1−3n/bcd
q−2n/b, q−2n/c, q−2n/d, q1+nbcd
∣∣∣∣ q; q3
]
. (17b)
Their reversals read, respectively, as
En(b, c, d) = qn × 54
[
q−2n, b, c, d, q1−3n/bcd
q1−2n/b, q1−2n/c, q1−2n/d, qnbcd
∣∣∣∣ q; q
]
, (18a)
Fn(b, c, d) = −q1+2n × 54
[
q−1−2n, b, c, d, q−1−3n/bcd
q−2n/b, q−2n/c, q−2n/d, q1+nbcd
∣∣∣∣ q; q
]
. (18b)
3.1.
For two sequences given by
Ek =
[
q1−2n, q2−3n/bcd, q2nbcd
q, qnbcd, q2−4n/bcd
∣∣∣∣ q
]
k
,
Fk =
[
b, c, d, q2−4n/bcd
q1−2n/b, q1−2n/c, q1−2n/d, q2n−1bcd
∣∣∣∣ q
]
k
,
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it is not hard to check ﬁnite differences
∇Ek = 1 + q
n−k
1 + qn
[
q−2n, q1−3n/bcd, q2n−1bcd
q, qnbcd, q2−4n/bcd
∣∣∣∣ q
]
k
q2k ,
· Fk = (1 − q
2n−1−2k)(1 − q2n−1bc)(1 − q2n−1bd)(1 − q2n−1cd)
(1 − q2n−1b)(1 − q2n−1c)(1 − q2n−1d)(1 − q2n−1bcd)
×
[
b, c, d, q2−4n/bcd
q2−2n/b, q2−2n/c, q2−2n/d, q2nbcd
∣∣∣∣ q
]
k
q3k .
ApplyingAbel’s lemma on summation by parts to the sum of (17a) and (18a), we can manipulate 54-series as follows:
2En(b, c, d) =
2n∑
k=0
(1 + qn−k)
[
q−2n, b, c, d, q1−3n/bcd
q1−2n/b, q1−2n/c, q1−2n/d, qnbcd
∣∣∣∣ q
]
k
q2k
= (1 + qn)
2n∑
k=0
Fk∇Ek = (1 + qn)
2n−1∑
k=0
Ek· Fk
= (1 + q
n)(1 − q2n−1bc)(1 − q2n−1bd)(1 − q2n−1cd)
(1 − q2n−1b)(1 − q2n−1c)(1 − q2n−1d)(1 − q2n−1bcd)
×
2n−1∑
k=0
(1 − q2n−1−2k)
[
q1−2n, b, c, d, q2−3n/bcd
q, q2−2n/b, q2−2n/c, q2−2n/d, qnbcd
∣∣∣∣ q
]
k
q3k .
The last line reduces to 2Fn−1(b, c, d) in view of (17b) and (18b). This leads us to the following crossing recurrence
relation between two well-poised 54-series:
En(b, c, d) = Fn−1(b, c, d) (1 + q
n)(1 − q2n−1bc)(1 − q2n−1bd)(1 − q2n−1cd)
(1 − q2n−1b)(1 − q2n−1c)(1 − q2n−1d)(1 − q2n−1bcd) . (19)
3.2.
Similarly, for two sequences deﬁned by
Ek =
[
q−2n, qc, q1+nbd, q−3n/bcd
q, q−2n/c, q−3n/bd, q1+nbcd
∣∣∣∣ q
]
k
,
Fk =
[
b, d, q−3n/bd
q−2n/b, q−2n/d, qnbd
∣∣∣∣ q
]
k
,
we can compute without difﬁculty ﬁnite differences
∇Ek = (1 − q
1+2n−2k)
1 − q1+2n
[
q−1−2n, c, qnbd, q−1−3n/bcd
q, q−2n/c, q−3n/bd, q1+nbcd
∣∣∣∣ q
]
k
q3k ,
·Fk = (1 − q
nb)(1 − qnd)(1 − q2nbd)
(1 − q2nb)(1 − q2nd)(1 − qnbd)(1 + q
n−k)
[
b, d, q−3n/bd
q1−2n/b, q1−2n/d, q1+nbd
∣∣∣∣ q
]
k
q2k .
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For the sum of (17b) and (18b), we can apply Abel’s lemma on summation by parts and reformulate it as follows:
2Fn(b, c, d) =
1+2n∑
k=0
(1 − q1+2n−2k)
[
q−1−2n, b, c, d, q−1−3n/bcd
q, q−2n/b, q−2n/c, q−2n/d, q1+nbcd
∣∣∣∣ q
]
k
q3k
= (1 − q1+2n)
1+2n∑
k=0
Fk∇Ek = (1 − q1+2n)
2n∑
k=0
Ek·Fk
= (1 − q1+2n) (1 − q
nb)(1 − qnd)(1 − q2nbd)
(1 − q2nb)(1 − q2nd)(1 − qnbd)
×
2n∑
k=0
(1 + qn−k)
[
q−2n, b, qc, d, q−3n/bcd
q, q1−2n/b, q−2n/c, q1−2n/d, q1+nbcd
∣∣∣∣ q
]
k
q2k .
In accordance with (17a) and (18a), the last line reduces to 2En(b, qc, d). This leads us to another crossing recursion
between two well-poised 54-series:
Fn(b, c, d) = En(b, qc, d) (1 − q
1+2n)(1 − qnb)(1 − qnd)(1 − q2nbd)
(1 − q2nb)(1 − q2nd)(1 − qnbd) . (20)
3.3.
Combining (19) with (20), we get two independent recurrence relations
En(b, c, d) = En−1(b, qc, d) (21a)
× (1 − q
n−1b)(1 − qn−1d)(1 − q2n−1bc)(1 − q2n−1cd)
(1 − qn)(1 − q2n−1c)(1 − qn−1bd)(1 − q2n−1bcd) (21b)
× (1 − q
2n)(1 − q2n−1)(1 − q2n−1bd)(1 − q2n−2bd)
(1 − q2n−1b)(1 − q2n−2b)(1 − q2n−1d)(1 − q2n−2d) , (21c)
Fn(b, c, d) = Fn−1(b, qc, d) (22a)
× (1 − q
nb)(1 − qnd)(1 − q2nbc)(1 − q2ncd)
(1 − qn)(1 − q2nc)(1 − qnbd)(1 − q2nbcd) (22b)
× (1 − q
2n+1)(1 − q2n)(1 − q2nbd)(1 − q2n−1bd)
(1 − q2nb)(1 − q2n−1b)(1 − q2nd)(1 − q2n−1d) . (22c)
Now iterating both relations for n-times, we derive the following expressions:
En(b, c, d) = E0(b, qnc, d) ×
[
b, c, d, bcd
q, bc, bd, cd
∣∣∣∣ q
]
n
[
q, bc, bd, cd
b, c, d, bcd
∣∣∣∣ q
]
2n
, (23a)
Fn(b, c, d) = F0(b, qnc, d) ×
[
qb, qc, qd, qbcd
q, qbc, qbd, qcd
∣∣∣∣ q
]
n
[
q2, qbc, qbd, qcd
qb, qc, qd, qbcd
∣∣∣∣ q
]
2n
. (23b)
Noting from (17a) and (17b) that the initial values
E0(b, c, d) = 1 and F0(b, c, d) = 1 − q
we establish ﬁnally the following well-poised series identities.
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Theorem 10 (Well-poised 54 -series identity: Bressoud [6, Eq. 1], see also Guo [13, Eq. 4.1] and Joshi and Verma
[16, Eq. 3.8]).
54
[
q−2n, b, c, d, q1−3n/bcd
q1−2n/b, q1−2n/c, q1−2n/d, qnbcd
∣∣∣∣ q; q2
]
=
[
b, c, d, bcd
q, bc, bd, cd
∣∣∣∣ q
]
n
[
q, bc, bd, cd
b, c, d, bcd
∣∣∣∣ q
]
2n
.
Theorem 11 (Well-poised 54 -series identity: Carlitz [7, Eqs. 3.4, 3.7] and Guo [13, Eq. 4.5]).
54
[
q−1−2n, b, c, d, q−1−3n/bcd
q−2n/b, q−2n/c, q−2n/d, q1+nbcd
∣∣∣∣ q; q3
]
= (1 − q)
[
qb, qc, qd, qbcd
q, qbc, qbd, qcd
∣∣∣∣ q
]
n
×
[
q2, qbc, qbd, qcd
qb, qc, qd, qbcd
∣∣∣∣ q
]
2n
.
Both reversals (18a) and (18b) may be restated as the following identities.
Proposition 12 (Well-poised 54 -series identity: Bailey [5, Eq. 3.1] and Jackson [14, Eq. 1]).
54
[
q−2n, b, c, d, q1−3n/bcd
q1−2n/b, q1−2n/c, q1−2n/d, qnbcd
∣∣∣∣ q; q
]
= q−n
[
b, c, d, bcd
q, bc, bd, cd
∣∣∣∣ q
]
n
[
q, bc, bd, cd
b, c, d, bcd
∣∣∣∣ q
]
2n
.
Both this identity and its limiting case q → 1 have also been proved in [7, Eqs. 3.4,3.6] and [8, Eqs. 15, 16]
respectively.
Proposition 13 (Well-poised 54 -series identity: Bailey [5, Eq. 3.2] and Joshi and Verma [16, Eq. 3.12]).
54
[
q−1−2n, b, c, d, q−1−3n/bcd
q−2n/b, q−2n/c, q−2n/d, q1+nbcd
∣∣∣∣ q; q
]
= q−2n(1 − q−1)
[
qb, qc, qd, qbcd
q, qbc, qbd, qcd
∣∣∣∣ q
]
n
×
[
q2, qbc, qbd, qcd
qb, qc, qd, qbcd
∣∣∣∣ q
]
2n
.
More identities on almost-poised basic hypergeometric series can be found in [6], [9, Section 2] and [15].
Before concluding the paper, we make an additional remark that two well-poised 54-series deﬁned in (17a) and
(17b) are tied together through Abel’s lemma by two crossing relations and two independent recursions, and then
evaluated at once. This shows again that as traditional analytical method, Abel’s lemma on summation by parts is
indeed powerful in dealing with basic hypergeometric series.
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